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Computation of Frequency-Dependent
Propagation Characteristics of

Microstriplike Propagation Structures
with Discontinuous Layers

MICHAEL THORBURN, MEMBER, IEEE, AGOSTON AGOSTON, MEMBER, IEEE,

AND VIJAI K. TRIPATHI, SENIOR MEMBER, IEEE

,4b.$[ract —A general procedure based on the method of lines is pre-

sented for the full-wave analysis of propagation structures having layered

substrates with step inhomogeneities in each layer. Examples of such

structures include microslab lines and microstrip near a substrate edge. It

is shown that with this extended method of lines technique the frequency-

dependent characteristics, including the modal impedance, current distribu-

tion, and other properties of these strnctnres, can be calculated. To

illustrate the technique typicaf strnctnres such as microstrips on a finite-

width dielectric slab and microstrips near a substrate edge are considered,

and the effect of the proximity of the edge on the propagation characteris-

tics of the microstrip is computed. For the case of a microstrip near a

substrate edge, the numerical results obtained are compared with measnred

values of propagation constants.

I. INTRODUCTION

I N RECENT YEARS structures consisting of layered

media with step discontinuities in the dielectric constant

of the layers have been proposed for application in

electro-optic devices and low-loss propagation media

[1]-[3]. The ability to accurately compute parameters such

as the propagation constant, current distribution, and field

configuration for such structures is important for a variety

of applications, including the design of optimized electro-

optic modulators and the design of ridge substrate and

microslab waveguides [3]. In addition, these general struc-

tures can be studied to analyze the proximity effects of

microstrip lines near a substrate edge. This needs to be

understood to efficiently design high-packing density

MMIC’S [4]. A rigorous quasi-static analysis with design

equations for the microstrip near the substrate edge was

recently reported [5]. In this analysis the rectangular

boundary division method was used to estimate substrate

edge effects on microstrips for low frequencies. Prelimi-

nary results for both the quasi-static and the frequency-

dependent properties of the same structures were recently

reported, and a full-wave analysis of waveguide structures
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consisting of microstrips and dielectric waveguides has

been presented and applied to dielectric waveguides [6]-[8].

These last methods were each different extensions of the

method of lines [9]-[17].

In this paper the method of lines is extended and a

general procedure is developed to analyze the class of

propagation structures with layered substrates that have

step discontinuities in their dielectric constants. The proce-

dure is implemented numerically and is applied to study

the frequency dependence of the propagation characteris-

tics of structures including single and coupled microstrips,

with special attention given to the role of the step inhomo-

geneities of the layers and their proximity to the strips.

Comparisons are made with measured values of propaga-

tion constants for microstrip near a substrate edge.

II. THEORY

For the class of structures considered in this paper

it is convenient to choose Hertzian potentials that are

x-directed so that the boundary conditions at the disconti-

nuity can be easily enforced (Fig. 1). In each layer the

fields can be written in terms of these potentials:

E=v~vXA–japovXF

H=j~c/ov XA+v XvXF

A=@e(x, y)exp(–j~z)dX

F=@ A(x, y)exp(–j~z)tiX

‘X=(:+’,k+e
‘=(:+’,’+”

where the potentials +,, ~ are the solutions of the scalar

Helmholtz equation:

v:@e-h(x, y)+(crk; –/?2)@e’~(x, y) =0. (2)

These, together with the boundary conditions at all the

boundaries, lead to the formulation of the complete eigen-

value problem and the solutions. For a single substrate it is

possible to divide the cross section into two regions. For

problems with multiple layers the technique is readily

extended and an additional region is needed for each layer.

The method of lines is compatible with the implementation

of the boundary conditions in both the x and y directions.

Essentially it involves a discretization in the x direction

and an approximation of the x derivatives followed by a

similarity transformation to decouple the resulting system

of ordinary differential equations. Analytical expressions

for the solution of the decoupled systems are written

yielding the transformed electric and magnetic Hertzian

potentials as continuous functions of y. The technique is

simple yet care ,must be taken to ensure that the boundary

condition is implicitly enforced at the vertical boundaries

such as the substrate edge. In general this procedure is

applicable to layered structures with multiple step discon-

tinuities. The simple case of a microstrip near the substrate

edge (Fig. l(c)) is considered in the following section to

illustrate the technique.

By averaging the difference operators:

D1(q’yy))=+- (qJ(Y) -v’’(Y))
1+1

D2(@71Y))=+7( Y)-qwY))
I

central difference schemes can be derived to approximate

the x derivatives in the region above the substrate:

;q’’’(y)=+l((y))+q(lp(y))))))

~@p(y)=;(DJD2(ay’’(y)))
+D2(DJ@7(Y)))).

This gives

where

x, ‘Xi_l,+ hi

and

@; ’~(y) =@ ’’~[xl, y).

The difference operators are essentially the same in the

substrate region; however it is necessary to write expres-

sions for the derivatives in x which imply that at the

interface of the sections the tangential electric and mag-

netic fields must be continuous. It is sufficient to require

that across the x =x. interface the z components of E

and H be continuous and the x components of B and D
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be continuous. Since the substrate is nonmagnetic, these

conditions are satisfied if at x = x. the scalar potentials on

either side of the interface, O. and +~, satisfy

(4)

If the derivatives of the potentials on the lines adjacent

to the interface are appro-kimated by simple forward and

backward differences, respectively, expressions for the po-

tentials and the second derivatives of the potentials can be

derived for each side of the interface by the following

substitutions:

;(@_-a%J=;(q#D;+)

(5)

The spacing is chosen to be uniform in the neighborhood

of any discontinuity in the substrate. If the spacing is

chosen so that ~~h~ = cBh B across the discontinuity, then

This choice of the central differences when applied to

the Helmholtz equation results in a system of ordinary

differential equations with a matrix which is symmetric,

and its terms in the proximity of the inhomogeneity are

where x ~ and x ~z+ ~ are the lines on either side of the

inhomogeneity in question.

The symmetric property of the matrix resulting from

this system of ordinary differential equations is important

as symmetric matrices are easy to diagonalize numerically.

Consequently a global change of variables is made so that

the matrix remains symmetric. This is accomplished with
the following substitutions:

r

hz+hz+l
I); ’’=6Z hh @e, h in lower region

t 1+1

/

h,+h,+l
w’= Ah

@e, h in upper region (8)
1 1+1

and

qc,h = T=th ~I$e,h in lower region,,

q.,h =T,l~ #,h in upper region., (9)

where the Te,~ are the matrices of eigenvectors found after

the boundary conditions on the electric walls of the box

are enforced. The solution for the potential in each region

is found to be

*~= A}sinh(~(y-b-d)) (upper region)

Y~=B; cosh(~(y-b-d))

TJZ =A~sinh(~,) (lower region)

q?: = B: cosh(~y) (lo)

where the A’s are the eigenvalues corresponding to the

respective Te,h. With these expressions the tangential fields

at the interface of the upper and lower regions may be

written in matrix form by expanding equations (l).

The resulting expression for the fields and currents at

the interface are found from these equations and are given

as

[1E=

jkdhoE.

[

_ -/G42 B2—

I o 1

“[

-&z41-~2) 1(B1-B2) ‘1

-( C1-C2) -&m’r~2)

(11)

(12)
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Fig. 2. The even- and odd-mode effective dielectric constants as a
function of frequency for the structure of Fig. l(a): w =1 mm, h =1
mm, c. = 9.8, the strips are separated by 1 mm, and g is in mm. Box

dimensions are a =10 mm, b =100 mm.

D:, D:I, and D h are the first-order difference operators;

the r1,2 are the normalization factors defined in (8); and

the Ye, h,l,lI are defined by the equation

A reduced matrix can be formed by considering only

those lines which pass through a metallic strip. After

enforcing the boundary conditions a determinantal equa-

tion results whose solution leads to the) propagation con-

stant which can be used to compute the currents and the

fields:

[:]=[:o//zoEx]oNsm,,
‘[2 %lP”$:”’’loNsmIp“3)

The line impedance is calculated from the power–current

definition- as given by

:jE x H*.;zdxdy
z=

~J,. dxdy “

The expressions for power are given in the Appendix.

III. RESULTS

The propagation characteristics of typical structures

shown in Fig. 1. were computed. The computations were

made in a variety of machines including IBM-386 compati-

ble personal computers. Typical execution times for this

class of structures were 15 min. The program was checked

by computing the results for known cases of single and

coupled microstrips on a homogeneous layer.

5~
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Fig. 3. Propagation characteristics of a microstrip on a finite-width

dielectric slab of Fig. l(b) as a function of frequency. (a) Effective
dielectric constant. (b) Characteristic impedance. D = 2 mm, c, = 9.8,
h=l mm, a=10 mm, b=lOOmm, and w isin mm.

In Fig. 2 both the even-mode and odd-mode propaga-

tion constants for the proposed electro-optic modulatorlike

structure designed to increase the phase velocity are shown

for a variety of gap sizes. Fig. 3 shows the effective

dielectric constants and modal impedances for a selection

of strips of different widths on a finite-width dielectric

slab. The effect of the proximity of the edge of the sub-

strate on the propagation constant of a nominal 50 Q line

is demonstrated as a function of frequency in Fig. 4.

In Fig. 5, calculations are compared with standard reso-

nance measurements of the effective dielectric constant for

microstrip lines near the substrate edge. The structures

were fabricated on a 50 mil substrate with ~, =10.2 having

the first resonance around 2 GHz. It is seen that the

proximity effect due to the edge for these structures was

predicted accurately (to within 1 percent).
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Fig. 4. Frequency-dependent effective dielectric constant of a mi-
crostrip near a substrate edge. w = 1 mm, 6, = 9.8, h = 1 mm, a =10
mm, b = 100 mm, and d N m mm.
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Fig. 5. Effective dielectric constant of a microstnp as a function of
proximity to the substrate edge, w = 0.925 mm, h = 1.27 mm, c. = 10.2.
&d frequency = 2 GHz. “

IV. CONCLUSIONS

The method of lines has been generalized to compute

the propagation characteristics of a class of propagation

structures with layered substrates having step inhomo-

geneities. The technique accurately predicts the effects of

the step inhomogeneity in the substrate on the propagation

characteristics of the structures. As a result this algorithm

should prove useful for a host of problems, among them

the analysis of microstrip lines which approach a substrate

edge or the design of such structures as ridge substrate,

microslab waveguides, and electro-optic modulators.

X1= T:IrhWrhThI ‘II = ‘;IIrhwrhThII

and
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